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1. Introduction
Photonic crystals are media with a spatially periodical dielectric function (Yablonovitch, 1987;
John, 1987; Joannopoulos et al., 1995; 2008). This periodicity can be achieved by embedding
a periodic array of constituent elements with dielectric constant ε1 in a background
medium characterized by dielectric constant ε2. Photonic crystals were first discussed by
Yablonovitch (Yablonovitch, 1987) and John (John, 1987). Different materials have been used
for the corresponding constituent elements including dielectrics (Joannopoulos et al., 1995;
2008), semiconductors, metals (McGurn & Maradudin, 1993; Kuzmiak & Maradudin, 1997),
and superconductors (Takeda &Yoshino, 2003; Takeda et al., 2004; Berman et al., 2006; Lozovik
et al., 2007; Berman et al., 2008; 2009). Photonic crystals attract the growing interest due to
various modern applications (Chigrin & Sotomayor Torres, 2003). For example, they can be
used as the frequency filters and waveguides (Joannopoulos et al., 2008).
The photonic band gap (PBG) in photonic crystals was derived from studies of
electromagnetic waves in periodic media. The idea of band gap originates from solid-state
physics. There are analogies between conventional crystals and photonic crystals. Normal
crystals have a periodic structure at the atomic level, which creates periodic potentials for
electrons with the same modulation. In photonic crystals, the dielectrics are periodically
arranged and the propagation of photons is largely affected by the structure. The properties
of the photons in the photonic crystals have the common properties with the electrons in the
conventional crystals, since the wave equations in the medium with the periodic dielectric
constant have the band spectrum and the Bloch wave solution similarly to the electrons
described by the Schro¨dinger equation with the periodic potential (see (Berman et al., 2006)
and references therein). Photonic crystals can be either one-, two- or three-dimensional as
shown in Fig. 1.
In normal crystals there are valence and conduction bands due to the periodic field. Electrons
cannot move inside the completely filled valence band due to the Pauli exclusion principle
for electrons as fermions. Electrons can move inside the crystal if they are excited to the
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Fig. 1. Example of 1D, 2D and 3D photonic crystals. All of the photonic crystals shown above
have two different dielectric media. (a) 1D multilayer; (b) 2D array of dielectric rods; (c) 3D
woodpile.
conduction band. Because the photons are bosons, all bands in the photonic crystals’ band
structure are conduction bands. If the frequency corresponds to the allowed band, the photon
can travel through the media. If the photonic gap exists only in the part of Brillouin zone,
then this gap corresponds to the stop band. By other words, photons cannot propagate with
frequencies inside the gap at the wavevectors, where this gap exists. Of particular interest
is a photonic crystal whose band structure possesses a complete photonic band gap. A PBG
defines a range of frequencies for which light is forbidden to exist inside the crystal.
The photonic crystals with the dielectric, metallic, semiconductor, and superconducting
constituent elements have different photonic band and transmittance spectra. The dissipation
of the electromagnetic wave in all these photonic crystals is different. The photonic crystals
with the metallic and superconducting constituent elements can be used as the frequency
filters andwaveguides for the far infrared region of the spectrum, while the dielectric photonic
crystals can be applied for the devices only for the optical region of the spectrum.
In this Chapter we discuss the photonic band structure of two-dimensional (2D) photonic
crystals formed by dielectric, metallic, and superconducting constituent elements and
graphene layers. The Chapter is organized in the following way. In Sec. 2 we present the
description of 2D dielectric photonic crystals. In Sec. 3 we review the 2D photonic crystals
with metallic and semiconductor constituent elements. In Sec. 4 we consider the photonic
band structure of the photonic crystals with the superconducting constituents. A novel type
of the graphene-based photonic crystal formed by embedding a periodic array of constituent
stacks of alternating graphene and dielectric discs into a background dielectric medium is
studied in Sec. 5. Finally, the discussion of the results presented in this Chapter follows in
Sec. 6.
2. Dielectric photonic crystals
The 2D photonic crystals with the dielectric constituent elements were discussed in
Ref. (Joannopoulos et al., 2008). Maxwell’s equations, in the absence of external currents and
sources, result in a form which is reminiscent of the Schro¨dinger equation for magnetic field
H(r) (Joannopoulos et al., 2008):
∇×
(
1
ε(r)
∇×H(r)
)
=
(ω
c
)2
H(r) , (1)
where ω is the frequency of the electromagnetic wave, c is the speed of light, ε(r) is the
dielectric constant, which is the periodic function of the radius vector in the photonic crystal.
Eq. (1) represents a linear Hermitian eigenvalue problem whose solutions are determined
entirely by the properties of the macroscopic dielectric function ε(r). Therefore, for a crystal
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Fig. 2. Frequencies of the lowest photonic bands for a triangular lattice of air columns
(εair = 1) drilled in dielectric (ε= 13). The band structure is plotted along special directions of
the in-plane Brillouin zone (kz = 0), as shown in the lower inset. The radius of the air
columns is r = 0.48a, where a is the in-plane lattice constant. The solid (dashed) lines show
the frequencies of bands which have the electric field parallel (perpendicular) to the plane.
Notice the PBG between the third and fourth bands.
consisting of a periodic array of macroscopic uniform dielectric constituent elements, the
photons in this photonic crystal could be described in terms of a band structure, as in the
case of electrons. Of particular interest is a photonic crystal whose band structure possesses a
complete photonic band gap.
All various kinds of 2D dielectric photonic crystals were analyzed including square,
triangular, and honeycomb 2D lattices (Joannopoulos et al., 2008; Meade et al., 1992).
Dielectric rods in air, as well as air columns drilled in dielectric were considered. At the
dielectric contrast of GaAs (ε = 13), the only combination which was found to have a PBG
in both polarizations was the triangular lattice of air columns in dielectric. Fig. 2 (Meade et
al., 1992) represents the eigenvalues of the master equation (1) for a triangular lattice of air
columns (εair = 1) drilled in dielectric (ε = 13).
The photonic band structure in a 2D dielectric array was investigated using the coherent
microwave transient spectroscopy (COMITS) technique (Robertson et al., 1992). The array
studied in (Robertson et al., 1992) consists of alumina-ceramic rods was arranged in a regular
square lattice. The dispersion relation for electromagnetic waves in this photonic crystal was
determined directly using the phase sensitivity of COMITS. The dielectric photonic crystals
can be applied as the frequency filters for the optical region of spectrum, since the propagation
of light is forbidden in the photonic crystal at the frequencies, corresponding to the PBG,
which corresponds to the optical frequencies.
3. Photonic crystals with metallic and semiconductor components
The photonic band structures of a square lattice array of metal or semiconductor cylinders,
and of a face centered cubic lattices array of metal or semiconductor spheres, were studies in
Refs. (McGurn & Maradudin, 1993; Kuzmiak & Maradudin, 1997). The frequency-dependent
dielectric function of the metal or semiconductor is assumed to have the free-electron Drude
form ε(ω) = 1 − ω2p/ω
2, where ωp is the plasma frequency of the charge carriers. A
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Fig. 3. Band structure for a square lattice of metal cylinders with a filling factor f = 70%.
Only results for ω ≥ ωp are shown. Results for the dispersion curve in vacuum are shown as
dashed lines.
plane-wave expansion is used to transform the vector electromagnetic wave equation into
a matrix equation. The frequencies of the electromagnetic modes are found as the zeros of the
determinant of the matrix.
The results of the numerical calculations of the photonic band structure for 2D photonic
crystal formed by a square lattice of metal cylinders with a filling factor f = 70% are shown in
Fig. 3 (McGurn&Maradudin, 1993). Here the filling factor f is defined as f ≡ Scyl/S =πr
2
0/a
2,
where Scyl is the cross-sectional area of the cylinder in the plane perpendicular to the cylinder
axis, S is the total area occupied by the real space unit cell, and r0 is the cylinder radius.
The photonic crystals with the metallic and semiconductor constituent elements can be used
as the frequency filters and waveguides for the far infrared range of spectrum, since the PBG
in these photonic crystals corresponds to the frequencies in the far infrared range (McGurn &
Maradudin, 1993; Kuzmiak & Maradudin, 1997).
Photonic gaps are formed at frequencies ω at which the dielectric contrast ω2(ε1(ω) −
ε2(ω)) is sufficiently large. Since the quantity ω
2ε(ω) enters in the electromagnetic wave
equation (Joannopoulos et al., 1995; 2008), only metal-containing photonic crystals can
maintain the necessary dielectric contrast at small frequencies due to their Drude-like
behavior εMet(ω) ∼ −1/ω
2 (McGurn & Maradudin, 1993; Kuzmiak & Maradudin, 1997).
However, the damping of electromagnetic waves in metals due to the skin effect (Abrikosov,
1988) can suppress many potentially useful properties of metallic photonic crystals.
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4. Superconducting photonic crystals
4.1 Photonic band structure of superconducting photonic crystals
Photonic crystals consisting of superconducting elements embedded in a dielectric medium
was studied in Ref. (Berman et al., 2006). The equation for the electric field in the ideal lattice
of parallel cylinders embedded in medium has the form (Berman et al., 2009)
−∇2Ez(x,y) =
ω2
c2
⎡
⎣Λ± (ε(ω)− ǫ) ∑
{n(l)}
η(r ∈ S)
⎤
⎦Ez(x,y) , (2)
where ǫ is the dielectric constant of dielectric, ε(ω) is a dielectric function of the
superconductor component. This equation describes the electric field in the ideal lattice of
parallel superconducting cylinders (SCCs) in dielectric medium (DM) when within brackets
on the right side is taken Λ = ǫ and sign “+” and the electric field in the ideal lattice of
parallel DCs cylinders in a superconducting medium when Λ = ε(ω) and sign “-”. In Eq.
(2) η(r ∈ S) is the Heaviside step function. η(r ∈ S) = 1 if r is inside of the cylinders S,
and otherwise η(r ∈ S) = 0, n(l) is a vector of integers that gives the location of scatterer l
at a(n(l)) ≡ ∑di=1 n
(l)
i ai (ai are real space lattice vectors and d is the dimension of the lattice).
The summation in Eq. (2) goes over all lattice nodes characterizing positions of cylinders.
Eq. (2) describes the lattice of parallel cylinders as the two-component 2D photonic crystal.
The first term within the bracket is associated to the medium, while the second one is related
to the cylinders. Here and below the system described by Eq. (2) will be defined as an ideal
photonic crystal. The ideal photonic crystal based on the 2D square lattice of the parallel
superconducting cylinders was studied in Refs. (Berman et al., 2006; Lozovik et al., 2007).
Let us describe the dielectric constant for the system superconductor-dielectric. We describe
the dielectric function of the superconductor within the Kazimir–Gorther model (Lozovik et
al., 2007). In the framework of this model, it is assumed that far from the critical temperature
point of the superconducting transition there are two independent carrier liquids inside
a superconductor: superconducting with density ns(T,B) and normal one with density
nn(T,B). The total density of electrons is given by ntot = nn(T,B) + ns(T,B). The density of
the superfluid component ns(T,B) drops and the density of the normal component nn(T,B)
grows when the temperature T or magnetic field B increases. The dielectric function in the
Kazimir-Gorther model of superconductor is defined as
ε(ω) = 1−
ω2ps
ω2
−
ω2pn
ω(ω+ iγ)
, (3)
where ω is the frequency and γ represents the damping parameter in the normal conducting
states. In Eq. (1) ωps and ωpn are the plasma frequencies of superconducting and normal
conducting electrons, respectively and defined as
ωpn =
(
4πnne
2
m
)1/2
, ωps =
(
4πnse
2
m
)1/2
, (4)
where m and e are the mass and charge of an electron, respectively. The plasma frequency ωp0
is given by
ωp0 =
(
4πntote
2
m
)1/2
. (5)
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Fig. 4. Dispersion relation for a 2D photonic crystal consisting of a square lattice of parallel
infinite superconducting cylinders with the filling factor f = 0.3. The ordinate plots
frequencies in lattice units 2πc/a. A band gap is clearly apparent in the frequency range
0.18< ω < 0.38 in units of 2πc/a.
From Eqs. (4) and (5) it is obvious that
ω2p0 = ω
2
ps +ω
2
pn . (6)
For the such superconductor, when the condition γ≪ ωp0 is valid, the damping parameter in
the dielectric function can be neglected. Therefore, taking into account Eq. (6), Eq. (3) can be
reduced to the following expression
ε(ω) = 1−
ω2p0
ω2
. (7)
Thus, Eq. (7) defines the dependence of the dielectric function of the superconductor on the
frequency.
The photonic band structure for a 2D photonic crystal consisting of a square lattice of parallel
infinite superconducting cylinders in vacuum was calculated using the eigenfrequencies of
Eq. (2) obtained by the plane wave expansion method (Berman et al., 2006). The dielectric
function of the superconductor ε(ω) in Eq. (2) was substituted from Eq. (7). The photonic band
structure of the photonic crystal build up from the YBa2Cu3O7−δ (YBCO) superconducting
cylinders embedded in vacuum is presented in Fig. 4. Since for the YBCO the plasma
frequency ωp0 = 1.67 × 10
15rad/s and the damping parameter γ = 1.84 × 1013rad/s, then
the condition γ≪ ωp0 is valid for the YBCO superconductor, and Eq. (7) can used for the
dielectric function of the YBCO superconductor.
The advantage of a photonic crystal with superconducting constituents is that the dissipation
of the incident electromagnetic wave due to the imaginary part of the dielectric function
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is much less than for normal metallic constituents at frequencies smaller than the
superconducting gap. Thus, in this frequency regime, for a photonic crystal consisting of
several layers of scatterers the dissipation of the incident electromagnetic wave by an array
of superconducting constituents is expected to be less than that associated with an analogous
array composed of normal metallic constituents.
4.2 Monochromatic infrared wave propagation in 2D superconductor-dielectric photonic
crystal
The dielectric function in the ideal photonic crystal is a spatially periodic. This periodicity
can be achieved by the symmetry of a periodic array of constituent elements with one kind of
the dielectric constant embedded in a background medium characterized by the other kind of
the dielectric constant. The localized photonic mode can be achieved in the photonic crystals
whose symmetry is broken by a defect (Yablonovitch et al., 1991; Meade et al., 1991; McCall
et al., 1991; Meade et al., 1993). There are at least two ways to break up this symmetry: (i) to
remove one constituent element from the node of the photonic crystal (“vacancy”); (ii) to insert
one extra constituent element placed out of the node of photonic crystal (“interstitial”). We
consider two types of 2D photonic crystals: the periodical system of parallel SCC in dielectric
medium and the periodical system of parallel dielectric cylinders (DC) in superconducting
medium. The symmetry of the SCCs in DM can be broken by two ways: (i) to remove one
SCC out of the node, and (ii) to insert one extra SCC in DM out of the node. We will show
below that only the first way of breaking symmetry results in the localized photonic state with
the frequency inside the band gap for the SCCs in the DM. The second way does not result in
the localized photonic state inside the band gap. The symmetry of DCs in SCM can be broken
also by two ways: (i) to remove one DC out of the node, and (ii) to insert one extra DC in SCM
out of the node. We will show below that only the second way of breaking symmetry results
in the localized photonic state inside the band gap for DCs in SCM. The first way does not
result in the localized photonic state.
Let us consider now the real photonic crystal when one SCC of the radius ξ removed from the
node of the square lattice located at the position r0 or one extra DC of the same radius is placed
out of the node of the square lattice located at the position r0 presented in Fig. 5. The free space
in the lattice corresponding to the removed SCC in DM or to placed the extra DC in SCM
contributes to the dielectric contrast by the adding the term−(ε(ω)− ǫ)η(ξ − |r− r0|)Ez(x,y)
to the right-hand side in Eq. (2):
−∇2Ez(x,y) =
ω2
c2
⎡
⎣Λ± (ε(ω)− ǫ) ∑
{n(l)}
η(r ∈ S)− (ε(ω)− ǫ)η(ξ − |r− r0|)
⎤
⎦Ez(x,y) , (8)
Eq. (8) describes the photonic crystal implying a removed SCC from the node of the lattice
( Λ = ǫ and sign ”+”) shown in Fig. 5a or implying the extra DC inserted and placed out of
the node of the lattice (Λ = ε(ω) and sign ”-”) shown in Fig. 5b, which are defined as a real
photonic crystal.
Substituting Eq. (7) into Eq. (8), we obtain for the wave equation for the real photonic crystal:
89lectromagnetic Wave Propagation i  Two-Dimensional Photonic Crystals
(9)
−∇2Ez(x,y)− ω
2
c2
⎡
⎣±(1− ǫ)∓ (ω2p0
ω2
)
⎛
⎝ ∑
{n(l)}
η(r ∈ S)− η(ξ − |r− r0|)
⎞
⎠
⎤
⎦Ez(x,y) =Λω2
c2
Ez(x,y) .
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Fig. 5. Anomalous far infrared monochromatic transmission through a a lattice of (a) parallel
SCCs embedded in DM and (b) parallel DCs embedded in SCM. a is the equilateral lattice
spacing. ξ is the the radius of the cylinder. d denotes the length of the film. The dashed
cylinder is removed out of the node of the lattice.
Follow Ref. (Berman et al., 2008) Eq. (9) can be mapped onto the Schro¨dinger equation for
an “electron” with the effective electron mass in the periodic potential in the presence of
the potential of the “impurity”T˙herefore, the eigenvalue problem formulated by Eq. (9) can
be solved in two steps: i. we recall the procedure of the solution the eigenvalue problem
for the calculation of the photonic-band spectrum of the ideal superconducting photonic
crystal (for SCCs in DM see Ref. (Berman et al., 2006; Lozovik et al., 2007)); ii. we apply
the Kohn-Luttinger two-band model (Luttinger & Kohn, 1955; Kohn, 1957; Keldysh, 1964;
Takhtamirov & Volkov, 1999) to calculate the eigenfrequency spectrum of the real photonic
crystal with the symmetry broken by defect.
90 W ve Propagation
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Eq. (9) when the dielectric is vacuum (ǫ = 1) has the following form
−∇2Ez(x,y) +
⎡
⎣±ω2p0
c2 ∑{n(l)}
η(r ∈ S)−
ω2p0
c2
η(ξ − |r− r0|)
⎤
⎦Ez(x,y) = Λω2
c2
Ez(x,y) . (10)
In the framework of the Kohn-Luttinger two-band model the eigenvalue and localized
eigenfunction of Eq. (10) are presented in Ref. (Berman et al., 2008). Since Eq. (10) is analogous
to the wave equation for the electric field in Ref. (Berman et al., 2008), we can follow and apply
the procedure of the solution of the eigenvalue problem formulated in Ref. (Berman et al.,
2008) to the eigenvalue problem presented by Eq. (10). This procedure is reduced to the 2D
Schro¨dinger-type equation for the particle in the negative potential given by step-function
representing a 2D well. This equation has the localized eigenfunction representing the
localized electric field as discussed in Ref. (Berman et al., 2008). Let us emphasize that this
localized solution for the SCCs in DM can be obtained only if one cylinder is removed. If
we insert the extra cylinder in 2D lattice of the SCCs, the corresponding wave equation will
be represented by adding the term (ε(ω) − ǫ)η(ξ − |r − r0|)Ez(x,y) to the right-hand side
of Eq. (2). This term results in the positive potential in the effective 2D Schro¨dinger-type
equation. This positive potential does not lead to the localized eigenfunction. Therefore,
inserting extra cylinder in the 2D ideal photonic crystal of the SCCs in DM does not result
in the localized photonic mode causing the anomalous transmission.
In terms of the initial quantities of the superconducting photonic crystal the eigenfrequency
ω of the localized photonic state is given by (Berman et al., 2008)
ω =
(
∆4 − A
)1/4
, (11)
where ∆ is photonic band gap of the ideal superconducting photonic crystal calculated in
Refs. (Berman et al., 2006; Lozovik et al., 2007) and A is given by
A =
16c4k20
3ξ2
exp
[
− 8k
2
0c
4
3∆2ξ2ω2p0
]
. (12)
In Eq. (12) k0 = 2π/a, where a is the period of the 2D square lattice of the SCCs. In the square
lattice the radius of the cylinder ξ and the period of lattice a are related as ξ =
√
f/πa, where
f is the filling factor of the superconductor defined as the ratio of the cross-sectional area of all
superconducting cylinders in the plane perpendicular to the cylinder axis Ssupercond and the
total area occupied by the real space unit cell S: f ≡ Ssupercond/S = πξ
2/a2.
According to Refs. (Berman et al., 2006; Lozovik et al., 2007), the photonic band gap ∆ for
the ideal superconducting square photonic crystal at different temperatures and filling factors
( f = 0.3 and T = 0 K, f = 0.05 and T = 85 K, f = 0.05 and T = 10 K) is given by 0.6c/a in Hz.
The period of lattice in these calculations is given by a = 150 μm.
According to Eqs. (11) and (12), the eigenfrequency ν corresponding to the localized photonic
mode for the parameters listed above for the YBCO is calculated as ν = ω/(2π) = 117.3 THz.
The corresponding wavelength is given by λ = 2.56 × 10−6 m. Let us emphasize that the
frequency corresponding to the localizedmode does not depend on temperature andmagnetic
field at γ≪ ωp0, since in this limit we neglect damping parameter, and, according to Eq. (7),
the dielectric constant depends only on ωp0, which is determined by the total electron density
ntot, and ntot does not depend on the temperature and magnetic field. Therefore, for given
91lectromagnetic Wave Propagation i  Two-Dimensional Photonic Crystals
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parameters of the system at f = 0.05 the anomalous transmission appears at frequency ν =
117.3 THz inside the forbidden photonic gap 0≤ ∆/(2π) ≤ 0.6c/(2πa) = 119.9 THz.
Let us emphasize that this localized solution for the DCs embedded in the SCM can be
obtained only if one extra cylinder is inserted. If we remove the extra cylinder from 2D lattice
of the DCs in the SCM, the corresponding wave equation will be represented by adding the
term −(ǫ− ε(ω))η(ξ − |r− r0|)Ez(x,y) to the right-hand side of Eq. (2). This term results in
the positive potential in the effective 2D Schro¨dinger-type equation. This positive potential
does not lead to the localized eigenfunction. Therefore, removed DC in the 2D ideal photonic
crystal in the lattice of DCs embedded in the SCM does not result in the localized photonic
mode causing the anomalous transmission.
Let us mention that the localization of the photonic mode at the frequency given by Eqs. (11)
causes the anomalous infrared transmission inside the forbidden photonic band of the ideal
photonic crystal. This allows us to use the SCCs in the DM and DC in the SCM with the
symmetry broken by a defect as the infrared monochromatic filter.
Based on the results of our calculations we can conclude that it is possible to obtain a different
type of a infrared monochromatic filter constructed as real photonic crystal formed by the
SCCs embedded in DM and DCs embedded in SCM. The symmetry in these two systems can
be broken by the defect of these photonic crystal, constructed by removing one cylinder out of
the node of the ideal photonic crystal lattice and by inserting the extra cylinder, respectively,
in other words, by making the “2D vacancy” and “2D interstitial” in the ideal photonic crystal
lattice, respectively. Finally, we can conclude that the symmetry breaking resulting in the
breakup of spacial periodicity of the dielectric function by removal of the SCC from periodic
structure of SCCs embedded in DM, or inserting extra DC in SCM results in transmitted
infrared frequency in the forbidden photonic band.
4.3 Far infrared monochromatic transmission through a film of type-II superconductor in
magnetic field
Let us consider a system of Abrikosov vortices in a type-II superconductor that are arranged in
a triangular lattice. We treat Abrikosov vortices in a superconductor as the parallel cylinders
of the normal metal phase in the superconductingmedium. The axes of the vortices, which are
directed along the zˆ axis, are perpendicular to the surface of the superconductor. We assume
the xˆ and yˆ axes to be parallel to the two real-space lattice vectors that characterize the 2D
triangular lattice of Abrikosov vortices in the film and the angle between xˆ and yˆ is equal
π/3. The nodes of the 2D triangular lattice of Abrikosov vortices are assumed to be situated
on the xˆ and yˆ axes.
For simplicity, we consider the superconductor in the London approximation (Abrikosov,
1988) i.e. assuming that the London penetration depth λ of the bulk superconductor is
much greater than the coherence length ξ: λ ≫ ξ. Here the London penetration depth
is λ = [mec2/(4πnee2)]1/2, where ne is electron density. The coherence length is defined
as ξ = c/(ωp0
√
ǫ), where ωp0 = 2πcω0 is the plasma frequency. A schematic diagram of
Abrikosov lattices in type-II superconductors is shown in Fig. 6 As it is seen from Fig. 6 the
Abrikosov vortices of radius ξ arrange themselves into a 2D triangular lattice with lattice
spacing a(B,T) = 2ξ(T)
[
πBc2/(
√
3B)
]1/2
(Takeda et al., 2004) at the fixed magnetic field B
and temperature T. Here Bc2 is the critical magnetic field for the superconductor. We assume
the wavevector of the incident electromagnetic wave vector ki to be perpendicular to the
direction of the Abrikosov vortices and the transmitted wave can be detected by using the
detector D.
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Fig. 6. Anomalous far infrared monochromatic transmission through a film of type-II
superconductor in the magnetic field parallel to the vortices. a(B,T) is the equilateral
triangular Abrikosov lattice spacing. ξ is the coherence length and the radius of the vortex. d
denotes the length of the film. The shaded extra vortex placed near the boundary of the film
and situated outside of the node of the lattice denotes the defect of the Abrikosov lattice.
Now let us follow the procedure used in Ref. (Berman et al., 2006; 2008) to obtain the wave
equation for Abrikosov lattice treated as a two-component photonic crystal. In Ref. (Berman et
al., 2006), a system consisting of superconducting cylinders in vacuum is studied. By contrast,
the system under study in the present manuscript consists of the cylindrical vortices in a
superconductor, which is a complementary case (inverse structure) to what was treated in
Ref. (Berman et al., 2006). For this system of the cylindrical vortices in the superconductor, we
write the wave equation for the electric field E(x,y, t) parallel to the vortices in the form of 2D
partial differential equation. The corresponding wave equation for the electric field is
−∇2E = − 1
c2
ǫ ∑
{n(l)}
η(r)
∂2E
∂t2
− 4π
c2
∂J(r)
∂t
, (13)
where ǫ is a dielectric constant of the normal metal component inside the vortices, η(r) is the
Heaviside step function which is η(r) = 1 inside of the vortices and otherwise η(r) = 0. In
Eq. (13) n(l) is a vector of integers that gives the location of a scatterer l at a(n(l))≡∑di=1 n
(l)
i ai
(ai are real space lattice vectors situated in the nodes of the 2D triangular lattice and d is the
dimension of Abrikosov lattice).
At (Tc − T)/Tc ≪ 1 and h¯ω ≪ ∆ ≪ Tc, where Tc is the critical temperature and ∆ is the
superconducting gap, a simple relation for the current density holds (Abrikosov, 1988):
J(r) =
[
−
c
4πδ2L
+
iωσ
c
]
A(r). (14)
In Eq. (14) σ is the conductivity of the normal metal component.
The important property determining the band structure of the photonic crystal is the dielectric
constant. The dielectric constant, which depends on the frequency, inside and outside of the
vortex is considered in the framework of the two-fluidmodel. For a normal metal phase inside
of the vortex it is ǫin(ω) and for a superconducting phase outside of the vortex it is ǫout(ω) and
can be described via a simple Drude model. Following Ref. (Takeda et al., 2004) the dielectric
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constant can be written in the form:
ǫin(ω) = ǫ, ǫout(ω) = ǫ
(
1−
ω2p0
ω2
)
. (15)
Eqs. (15) are obtained in Ref. (Takeda et al., 2004) from a phenomenological two-component
fluid model by applying the following condition: ωpn ≪ ω ≪ γ. Here ωpn is the plasma
frequency of normal conducting electrons, and γ is the damping term in the normal
conducting states.
Let’s neglect a damping in the superconductor. After that substituting Eq. (14) into Eq. (13),
considering Eqs. (15) for the dielectric constant, and seeking a solution in the form with
harmonic time variation of the electric field, i.e., E(r, t) = E0(r)e
iωt, E = iωA/c, we finally
obtain the following equation
−∇2Ez(x,y) = ω
2ǫ
c2
⎡
⎣1− ω2p0
ω2
+
ω2p0
ω2 ∑{n(l)}
η(r)
⎤
⎦Ez(x,y) . (16)
The summation in Eq. (16) goes over all lattice nodes characterizing positions of the Abrikosov
vortices. Eq. (16) describes Abrikosov lattice as the two-component 2D photonic crystal. The
first two terms within the bracket are associated to the superconducting medium, while the
last term is related to vortices (normal metal phase). Here and below the system described
by Eq. (16) will be defined as an ideal photonic crystal. The ideal photonic crystal based on
the Abrikosov lattice in type-II superconductor was studied in Refs. (Takeda et al., 2004). The
wave equation (16) describing the Abrikosov lattice has been solved in Ref. (Takeda et al.,
2004) where the photonic band frequency spectrum ω = ω(k) of the ideal photonic crystal of
the vortices has been calculated.
Let us consider an extra Abrikosov vortex pinned by some defect in the type-II
superconducting material, as shown in Fig. 6. This extra vortex contributes to the dielectric
contrast by the adding the term ǫω2p0/c
2η(ξ − |r − r0|)Ez(x,y), where r0 points out the
position of the extra vortex, to the r.h.s. in Eq. (16):
−∇2Ez(x,y) = ω
2ǫ
c2
⎡
⎣1− ω2p0
ω2
+
ω2p0
ω2 ∑{n(l)}
η(r) +
ω2p0
ω2
η(ξ − |r− r0|)
⎤
⎦Ez(x,y), (17)
Eq. (17) describes the type-II superconducting medium with the extra Abrikosov vortex
pinned by a defect in the superconductor. We define the photonic crystal implying an extra
Abrikosov vortex pinned by a defect as a real photonic crystal and it is described by Eq. (17).
The eigenfrequencyω of the localized photonic state due to the extra Abrikosov vortex pinned
by a defect is obtained from Eq. (17) as (Berman et al., 2008)
ω(x) =
(
ω4up(x)− A(x)
)1/4
, (18)
where x = B/Bc2 and function A(x) is given by
A(x) =
16c4k20(x)
3ǫ2ξ2
exp
[
− 8k
2
0(x)c
4
3ǫ2ω2up(x)ξ2ω
2
p0
]
(19)
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and k0(x) is defined below through the electric field of the lower and higher photonic bands
of the ideal Abrikosov lattice.
The electric field Ez(x,y) corresponding to this localized photonic mode can be obtained from
Eq. (17) as (Berman et al., 2008)
E
(00)
z (r) =
{
C˜1, |r− r0| < ξ ,
C˜2B(x), |r− r0| > ξ , (20)
where the constants C˜1 and C˜2 can be obtained from the condition of the continuity of the
function E
(00)
z (r) and its derivative at the point |r− r0| = ξ and
B(x) = log [ξ (|r− r0|× (21)
exp
[
−4k20(x)c4/
(
3ǫ2
(
∆˜2(x)−ω2p0
)
ξ2ω2p0
)])−1]
.
The function k0(x) is given as
k0δαβ = −i
([∫
E∗zc0(r)∇Ezv0(r)d2r
]
cvα
)
β
, (22)
where Ezc0(r) and Ezv0(r) are defined by the electric field of the up and down photonic
bands of the ideal Abrikosov lattice. The exact value of k0 can be calculated by substituting
the electric field Ezc0(r) and Ezv0(r) from Ref. (Takeda et al., 2004). Applying the weak
coupling model (Abrikosov, 1988) corresponding to the weak dielectric contrast between the
vortices and the superconductivemediaω2p0/ω
2
∣∣∣∑{n(l)} η(r)− 1∣∣∣≪ 1we use the approximate
estimation of k0 in our calculations as k0(x) ≈ 2π/a(x) = πξ−1
√√
3x/π.
We consider the Abrikosov lattice formed in the YBCO and study the dependence of the
photonic band structure on the magnetic field. For the YBCO the characteristic critical
magnetic field Bc2 = 5 T at temperature T = 85 K is determined experimentally in Ref. (Safar
et al., 1994). So we obtained the frequency corresponding to the localized wave for the
YBCO in the magnetic field range from B = 0.72Bc2 = 3.6 T up to B = 0.85Bc2 = 4.25 T at
T = 85 K. Following Ref. (Takeda et al., 2004), in our calculations we use the estimation
ǫ = 10 inside the vortices and for the YBCO ω0/c = 77 cm
−1. The dielectric contrast between
the normal phase in the core of the Abrikosov vortex and the superconducting phase given
by Eq. (15) is valid only for the frequencies below ωc1: ω < ωc1, where ωc1 = 2∆S/(2πh¯),
∆S = 1.76kBTc is the superconducting gap, kB is the Boltzmann constant, and Tc is the critical
temperature. For the YBCO we have Tc = 90 K, and ω < ωc1 = 6.601 THz. It can be seen
from Eqs. (18) and (20), that there is a photonic state localized on the extra Abrikosov vortex,
since the discrete eigenfrequency corresponds to the electric field decreasing as logarithm of
the distance from an extra vortex. This logarithmical behavior of the electric field follows
from the fact that it comes from the solution of 2D Dirac equation. The calculations of the
eigenfrequency ω dependence on the ratio B/Bc2, where Bc2 is the critical magnetic field, is
presented in Fig. 7. According to Fig. 7, our expectation that the the eigenfrequency level
ω corresponding to the extra vortex is situated inside the photonic band gap is true. We
calculated the frequency corresponding to the localized mode, which satisfies to the condition
of the validity of the dielectric contrast given by Eq. (15). According to Eqs. (20) and (21),
the localized field is decreasing proportionally to logξ|r− r0|−1 as the distance from an extra
vortex increases. Therefore, in order to detect this localized mode, the length of the film d
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Fig. 7. The dependence of the photonic band structure of the real Abrikosov lattice on B/Bc2.
Solid line represents the eigenfrequency ω corresponding to the localized mode near the
extra vortex in the real Abrikosov lattice given by Eq. (18). The dashed and dotted lines
represent, respectively, the top ωup and bottom ωdn boundaries of the photonic band gap of
the ideal Abrikosov lattice according to Ref. (Takeda et al., 2004).
should not exceed approximately 10a(B/Bc2), which corresponds to d  200 μm for the range
of magnetic fields for the YBCO presented by Fig. 7. For these magnetic fields a ≈ 20 μm.
Since the frequency corresponding to the localized mode is situated inside the photonic
band gap, the extra vortex should be placed near the surface of the film as shown in Fig. 6.
Otherwise, the electromagnetic wave cannot reach this extra vortex. Besides, we assume that
this localized photonic state is situated outside the one-dimensional band of the surface states
of two-dimensional photonic crystal. It should be mentioned, that in a case of several extra
vortices separated at the distance greater than the size of one vortex (it is the coherence length
estimated for the YBCO by ξ ≈ 6.5 μm) the localized mode frequency for the both vortices is
also going to be determined by Eq. (18). The intensity of the localized mode in the latter case is
going to be enhanced due to the superposition of the modes localized by the different vortices.
In the case of far separated extra vortices we have neglected by the vortex-vortex interaction.
Thus, the existence of other pinned by crystal defects vortices increases the intensity of the
transmitted mode and improves the possibility of this signal detection. Note that at the
frequencies ω inside the photonic band gap ωdn < ω < ωup the transmittance and reflectance
of electromagnetic waves would be close to zero and one, correspondingly, everywhere except
the resonant frequency ω related to an extra vortex. The calculation of the transmittance
and reflectance of electromagnetic waves at this resonant frequency ω is a very interesting
problem, which will be analyzed elsewhere.
We considered a type-II superconducting medium with an extra Abricosov vortex pinned
by a defect in a superconductor. The discrete photonic eigenfrequency corresponding
to the localized photonic mode, is calculated as a function of the ratio B/Bc2, which
parametrically depends on temperature. This photonic frequency increases as the ratio B/Bc2
and temperature T increase. Moreover, since the localized field and the corresponding
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photonic eigenfrequency depend on the distance between the nearest Abrikosov vortices
a(B,T), the resonant properties of the system can be tuned by control of the external magnetic
field B and temperature T. Based on the results of our calculations we can conclude that it
is possible to obtain a new type of a tunable far infrared monochromatic filter consisting of
extra vortices placed out of the nodes of the ideal Abrikosov lattice, which can be considered
as real photonic crystals. These extra vortices are pinned by a crystal defects in a type-II
superconductor in strong magnetic field. As a result of change of an external magnetic field B
and temperature T the resonant transmitted frequencies can be controlled.
5. Graphene-based photonic crystal
A novel type of 2D electron system was experimentally observed in graphene, which
is a 2D honeycomb lattice of the carbon atoms that form the basic planar structure in
graphite (Novoselov et al., 2004; Luk’yanchuk & Kopelevich, 2004; Zhang et al., 2005). Due to
unusual properties of the band structure, electronic properties of graphene became the object
of many recent experimental and theoretical studies (Novoselov et al., 2004; Luk’yanchuk &
Kopelevich, 2004; Zhang et al., 2005; Novoselov et al., 2005; Zhang et al., 2005; Kechezhdi et
al., 2008; Katsnelson, 2008; Castro Neto et al., 2009). Graphene is a gapless semiconductor
with massless electrons and holes which have been described as Dirac-fermions (Novoselov
et al., 2004; Luk’yanchuk & Kopelevich, 2004; Das Sarma et al., 2007). The unique electronic
properties of graphene in a magnetic field have been studied recently (Nomura &MacDonald,
2006; To˝ke et al., 2006; Gusynin & Sharapov, 2005;?). It was shown that in infrared and at
larger wavelengths transparency of graphene is defined by the fine structure constant (Nair
et al., 2008). Thus, graphene has unique optical properties. The space-time dispersion of
graphene conductivity was analyzed in Ref. (Falkovsky & Varlamov, 2007) and the optical
properties of graphene were studied in Refs. (Falkovsky & Pershoguba, 2007; Falkovsky,
2008).
In this Section, we consider a 2D photonic crystal formed by stacks of periodically placed
graphene discs embedded into the dielectric film proposed in Ref. (Berman et al., 2010). The
stack is formed by graphene discs placed one on top of another separated by the dielectric
placed between them as shown in Fig. 8. We calculate the photonic band structure and
transmittance of this graphene-based photonic crystal. We will show that the graphene-based
photonic crystals can be applied for the devices for the far infrared region of spectrum.
Let us consider polarized electromagnetic waves with the electric field E parallel to the
graphene discs. The wave equation for the electric field in a dielectric media has the
form (Landau & Lifshitz, 1984)
−△E(r, t) +∇(∇ · E(r, t))− ε(r)
c2
∂2E(r, t)
∂t2
= 0 , (23)
where ε(r, t) is the dielectric constant of the media.
In photonic crystals, dielectric susceptibility is a periodical function and it can be expanded in
the Fourier series:
ε(r) = ∑
G
ε(G)eiGr , (24)
where G is the reciprocal photonic lattice vector.
Expanding the electric field on the Bloch waves inside a photonic crystal, and seeking
solutions with harmonic time variation of the electric field, i.e., E(r, t) = E(r)eiωt, one obtains
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Fig. 8. Graphene-based photonic crystal: a) the side view. The material of the dielectric
between graphene discs can be the same as the material of the dielectric substrate; b) the top
view.
from Eq. (23) using Eq. (24) the system of equations for Fourier components of the electric
field (Joannopoulos et al., 2008; McGurn & Maradudin, 1993):
(k + G)2Ek(G) =
ω2(k)
c2 ∑
G′
ε(G−G′)Ek(G′) , (25)
which presents the eigenvalue problem for finding photon dispersion curves ω(k). In Eq. (25)
the coefficients of the Fourier expansion for the dielectric constant are given by
ε(G−G′) = ε0δGG′ + (ε1 − ε0)MGG′ . (26)
In Eq. (26) ε0 is the dielectric constant of the dielectric, ε1 is the dielectric constant of graphene
multilayers separated by the dielectric material, and MGG′ for the geometry considered above
is
MGG′ = 2 f
J1(|G−G′|r)
(|G−G′|r) , G = G
′ ,
MGG′ = f , G = G
′ , (27)
where J1 is the Bessel function of the first order, and f = Sg/S is the filling factor of 2D
photonic crystal.
In our consideration the size of the graphene discs was assumed to be much larger than the
period of the graphene lattice, and we applied the expressions for the dielectric constant of
the infinite graphene layer for the graphene discs, neglecting the effects related to their finite
size.
The dielectric constant ε1(ω) of graphenemultilayers system separated by the dielectric layers
with the dielectric constant ε0 and the thickness d is given by (Falkovsky & Pershoguba, 2007;
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Falkovsky, 2008)
ε1(ω) = ε0 +
4πiσg(ω)
ωd
, (28)
where σg(ω) is the dynamical conductivity of the doped graphene for the high frequencies
(ω≫ kvF, ω≫ τ−1) at temperature T given by (Falkovsky & Pershoguba, 2007; Falkovsky,
2008)
σg(ω) =
e2
4h¯
[η(h¯ω− 2μ)
+
i
2π
(
16kBT
h¯ω
log
[
2cosh
(
μ
2kBT
)]
− log (h¯ω+ 2μ)
2
(h¯ω− 2μ)2 + (2kBT)2
)]
. (29)
Here τ−1 is the electron collision rate, k is the wavevector, vF = 108 cm/s is the Fermi velocity
of electrons in graphene (Falkovsky, 2008), and μ is the the chemical potential determined
by the electron concentration n0 = (μ/(h¯vF))
2/π, which is controlled by the doping. The
chemical potential can be calculated as μ= (πn0)
1/2h¯vF. In the calculations below we assume
n0 = 10
11 cm−2. For simplicity, we assume that the dielectric material is the same for the
dielectric discs between the graphene disks and between the stacks. As the dielectric material
we consider SiO2 with the dielectric constant ε0 = 4.5.
To illustrate the effect let us, for example, consider the 2D square lattice formed by the
graphene based metamaterial embedded in the dielectric. The photonic band structure for
the graphene based 2D photonic crystal with the array of cylinders arranged in a square
lattice with the filling factor f = 0.3927 is presented in Fig. 9. The cylinders consist of the
metamaterial stacks of alternating graphene and dielectric discs. The period of photonic
crystal is a = 25 μm, the diameter of discs is D = 12.5 μm, the width of the dielectric layers
d = 10−3 μm . Thus the lattice frequency is ωa = 2πc/a = 7.54 × 1013 rad/s. The results
of the plane wave calculation for the graphene based photonic crystal are shown in Fig. 9,
and the transmittance spectrum obtained using the Finite-Difference Time-Domain (FDTD)
method (Taflove, 1995) is presented in Fig. 10. Let us mention that plane wave computation
has been made for extended photonic crystal, and FDTD calculation of the transmittance have
been performed for five graphene layers. A band gap is clearly apparent in the frequency
range 0 < ω < 0.6 and 0.75 < ω < 0.95 in units of 2πc/a. The first gap is originated from
the electronic structure of the doped graphene, which prevents absorbtion at h¯ω < 2μ (see
also Eq. (29)). The photonic crystal structure manifests itself in the dependence of the lower
photonic band on the wave vector k. In contrast, the second gap 0.75< ω < 0.95 is caused by
the photonic crystal structure and dielectric contrast.
According to Fig. 10, the transmittance T is almost zero for the frequency lower than 0.6ωa,
which corresponds to the first band gap shown in Fig. 9. The second gap in Fig. 9 (at the
point G) corresponds to ω = 0.89ωa, and it also corresponds to the transmittance spectrum
minimum on Fig. 10.
Let us mention that at h¯ω < 2μ the dissipation of the electromagnetic wave in graphene is
suppressed. In the long wavelength (low frequency) limit, the skin penetration depth is given
by δ0(ω) = c/Re
[
2πωσg(ω)
]1/2
(Landau & Lifshitz, 1984). According to Eq. (29), Re[σg(ω <
2μ)] = 0, therefore, δ0(ω)→+∞, and the electromagnetic wave penetrates along the graphene
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Fig. 9. a) Band structure of graphene based 2D square photonic crystal of cylinder array
arranged in a square lattice. The cylinders consist of stack of graphene monolayer discs
separated by the dielectric discs. The filling factor f = 0.3927. M, G, X, M are points of
symmetry in the first (square) Brillouin zone. b) The first Brillouin zone of the 2D photonic
crystal.
layer without damping. For the carrier densities n0 = 10
11 cm−2 the chemical potential is
μ = 0.022 eV (Falkovsky & Pershoguba, 2007), and for the frequencies ν < ν0 = 10.42 THz
we have Re[σg(ω)] = 0 at ω≫ 1/τ the electromagnetic wave penetrates along the graphene
Fig. 10. The transmittance T spectrum of graphene based 2D photonic crystal.
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layer almost without damping, which makes the graphene multilayer based photonic crystal
to be distinguished from the metallic photonic crystal, where the electromagnetic wave is
essentially damped. As a result, the graphene-based photonic crystals can have the sizesmuch
larger than the metallic photonic crystals. The scattering of the electrons on the impurities can
result in non-zero Re[σg(ω)], which can cause the dissipation of the electromagnetic wave.
Since the electron mobility in graphene can be much higher than in typical semiconductors,
one can expect that the scattering of the electrons on the impurities does not change the results
significantly.
The physical properties of graphene-based photonic crystals are different from the physical
properties of other types of photonic crystals, since the dielectric constant of graphene has the
unique frequency dependence (Falkovsky & Pershoguba, 2007; Falkovsky, 2008). According
to the results presented above, the graphene-based photonic crystal has completely different
photonic band structure in comparison to the photonic crystals based on the other materials.
The photonic band structure of the photonic crystal with graphene multilayer can be tuned
by changing the distance d between graphene discs in the r.h.s. of Eq. (28). The photonic
band structure of the graphene-based photonic crystals can also be controlled by the doping,
which determines the chemical potential μ entering the expressions for the conductivity and
dielectric constant of graphene multilayer (29).
6. Discussion and conclusions
Comparing the photonic band structure for graphene-based photonic crystal presented
in Fig. 9 with the dielectric (Joannopoulos et al., 2008), metallic (McGurn & Maradudin,
1993; Kuzmiak & Maradudin, 1997), semiconductor (McGurn & Maradudin, 1993) and
superconductor-based (Berman et al., 2006; Lozovik et al., 2007) photonic crystals, we
conclude that only graphene- and superconductor-based photonic crystals have essential
photonic band gap at low frequencies starting ω = 0, and the manifestation of the gap
in the transmittance spectra is almost not suppressed by the damping effects. Therefore,
only graphene-based and superconducting photonic crystals can be used effectively as the
frequency filters and waveguides in low-frequency for the far infrared region of spectrum,
while the devices based on the dielectric photonic crystals can be used only in the optical
region of electromagnetic waves spectrum. The graphene based-photonic crystal can be used
at room temperatures, while the superconductor-based photonic crystal can be used only
at low temperatures below the critical temperature Tc, which is about 90 K for the YBCO
superconductors.
In summary, photonic crystals are artificial mediawith a spatially periodical dielectric function.
Photonic crystals can be used, for example, as the optical filters and waveguides. The
dielectric- andmetal-based photonic crystals have different photonic bands and transmittance
spectrum. It was shown that the photonic band structure of superconducting photonic crystal
leads to their applications as optical filters for far infrared frequencies . It is known that the
dielectric- and metal-based photonnic crystals with defects can be used as the waveguides
for the frequencies corresponding to the media forming the photonic crystals. Far infrared
monochromatic transmission across a lattice of Abrikosov vortices with defects in a type-II
superconducting film is predicted. The transmitted frequency corresponds to the photonic
mode localized by the defects of the Abrokosov lattice. These defects are formed by extra
vortices placed out of the nodes of the ideal Abrokosov lattice. The extra vortices can
be pinned by crystal lattice defects of a superconductor. The corresponding frequency is
studied as a function of magnetic field and temperature. The control of the transmitted
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frequency by varying magnetic field and/or temperature is analyzed. It is suggested that
found transmitted localized mode can be utilized in the far infrared monochromatic filters.
Besides, infraredmonochromatic transmission through a superconductingmultiple conductor
system consisting of parallel superconducting cylinders is found. The transmitted frequency
corresponds to the localized photonic mode in the forbidden photonic band, when one
superconducting cylinder is removed from the node of the ideal two-dimensional lattice of
superconducting cylinders. A novel type of photonic crystal formed by embedding a periodic
array of constituent stacks of alternating graphene and dielectric discs into a background
dielectric medium is proposed. The frequency band structure of a 2D photonic crystal with
the square lattice of the metamaterial stacks of the alternating graphene and dielectric discs
is obtained. The electromagnetic wave transmittance of such photonic crystal is calculated.
The graphene-based photonic crystals have the following advantages that distinguish them
from the other types of photonic crystals. They can be used as the frequency filters for the
far-infrared region of spectrum at the wide range of the temperatures including the room
temperatures. The photonic band structure of the graphene-based photonic crystals can be
controlled by changing the thickness of the dielectric layers between the graphene discs and
by the doping. The sizes of the graphene-based photonic crystals can be much larger than the
sizes of metallic photonic crystals due to the small dissipation of the electromagnetic wave.
The graphene-based photonic crystals can be used effectively as the frequency filters and
waveguides for the far infrared region of electromagnetic spectrum. Let us also mention that
above for simplicity we assume that the dielectric material is the same between the graphene
disks and between the stacks. This assumption has some technological advantage for the most
easier possible experimental realization of the graphene-based photonic crystal.
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